
Hqgrjhqrxv Pdunhw Vhjphqwdwlrq dqg wkh Odz ri Rqh Sulfh�

Ulfkdug Iulehuj_dqg Ndm Pduwhqvhq

Qryhpehu 55/ 5334

Devwudfw

Wr wkh vxusulvh ri pdq|/ sulfh ghyldwlrqv ehwzhhq pdunhwv fkdudfwhul}hg e| lpshuihfw frpshwlwlrq

kdyh riwhq ehhq olwwoh d�hfwhg e| orzhu wudqvsruw frvwv1 Lq d Frxuqrw prgho zh vkrz wkdw li �upv*

ghflvlrqv wr vhjphqw pdunhwv duh hqgrjhqrxv/ wkhq orzhu wudqvsruw frvwv duh/ lq pdq| fdvhv/ dvvrfl0

dwhg zlwk juhdwhu sulfh gl�huhqwldov ehwzhhq pdunhwv1 Wkh lqwxlwlrq lv wkdw orzhu wudqvsruw frvwv/ e|

idflolwdwlqj duelwudjh/ sodfh d wljkwhu uhvwulfwlrq rq wkh pd{lpl}dwlrq sureohp dqg d �up lv zloolqj wr

wdnh d juhdwhu frvw lq rughu wr vhjphqw1 Zh h{dplqh krz wkh uhvxowlqj htxloleuld ghshqg rq wudqvsruw

frvwv/ surgxfw gl�huhqwldwlrq dqg frvwv ri vhjphqwlqj1

Nh|zrugv= sulfh glvfulplqdwlrq> pdunhw lqwhjudwlrq> odz ri rqh sulfh1

MHO= G76/ I48/ O46

Gr orzhu wudqvsruw frvwv ohdg wr juhdwhu pdunhw lqwhjudwlrqB Lqwxlwlrq zrxog ohdg prvw hfrqrplvwv wr

dqvzhu wklv txhvwlrq zlwk d |hv1 Krzhyhu/ zlwk wkh h{fhswlrq ri frpprglw| pdunhwv/ vxfk dv zkhdw

ru jrog +vhh Jrrgzlq/ 4<<5 ru R*Urxunh dqg Zlooldpvrq/ 4<<<,/ lw kdv suryhg kdug wr hvwdeolvk vxfk

d uhodwlrqvkls1 Sulfh ghyldwlrqv ehwzhhq pdunhwv +d vwdqgdug zd| ri phdvxulqj pdunhw lqwhjudwlrq,

kdyh ehhq uhpdundeo| xqd�hfwhg e| wkh glvpdqwolqj ri ydulrxv eduulhuv wr wudgh +vhh Hqjho dqg Urjhuv/

4<<9/ Jrogehuj dqg Nqhwwhu/ 4<<:/ Revwihog dqg Urjr�/ 5333,1 Zk|B Wkh dqvzhuv wr pdq| txhvwlrqv

lq lqwhuqdwlrqdo hfrqrplfv dqg hfrqrplf jhrjudsk| klqjh rq zkhwkhu pdunhwv duh vhhq dv vhjphqwhg

WZh wkdqn Md| Slo Fkrl dqg Emùuq Shuvvrq iru ydoxdeoh frpphqwv1 D vshfldo wkdqn |rx wr Wruh Hoolqjvhq1 Ixuwkhu/ zh

duh judwhixo iru �qdqfldo vxssruw iurp wkh Vzhglvk Frpshwlwlrq Dxwkrulw| dqg wkh Zdoodqghu dqg Khgholxv Irxqgdwlrq1
_Fruuhvsrqglqj dxwkru= Ulfkdug Iulehuj/ Vwrfnkrop Vfkrro ri Hfrqrplfv/ SR Er{ 9834/ VH0446 ;6 Vwrfnkrop/ Vzhghq1

H0pdlo= qhuiCkkv1vh/ who= .790;0:69 <935/ id{= .790;064 653:1
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ru lqwhjudwhg dqg rq wkh pdjqlwxgh ri wudqvsruw frvwv/ lw lv wkhuhiruh lqwhuhvwlqj wr wu| wr ghhshq rxu

xqghuvwdqglqj ri wkh iulfwlrqv wkdw vhjphqw pdunhwv14

Wklv sdshu h{soruhv d uhdvrq iru zk| zh vkrxogq*w eh vxusulvhg wkdw lw kdv suryhg gl!fxow wr hvwdeolvk

d vlpsoh uhodwlrqvkls ehwzhhq wudqvsruw frvwv dqg pdunhw lqwhjudwlrq � zh pdnh wkh ghflvlrq wr vhjphqw

pdunhwv hqgrjhqrxv1 E| frqwuroolqj glvwulexwlrq/ pdunhwlqj dqg surgxfw ghvljq/ d �up fdq d�hfw wkh

sulfh gl�huhqwldo qhhghg wr pdnh duelwudjh dwwudfwlyh1 Lq wklv sdshu zh zloo wdnh wudqvsruw frvwv wr

phdq dfwxdo vklsslqj frvwv dqg wdul�v15 E| hqgrjhqrxv vhjphqwdwlrq zh phdq wkdw wkh �up udlvhv wkh

frvw ri duelwudjh wr wkh h{whqw wkdw hyhq zkhq wudqvsruw frvwv/ qduurzo| gh�qhg/ duh }hur/ duelwudjh lv

xqsur�wdeoh1

Zh h{dplqh wkh lpsolfdwlrqv ri d �{hg frvw iru vhjphqwlqj pdunhwv lq d Frxuqrw gxrsro|1 Hqgrjhqrxv

vhjphqwdwlrq euhdnv wkh suhglfwlrq wkdw sulfh gl�huhqwldov ehwzhhq pdunhwv vkrxog ghfuhdvh lq wdqghp

zlwk wudqvsruw frvwv1 Zh vkrz wkdw wkh sulfh gl�huhqwldo ehwzhhq pdunhwv fdq lqfuhdvh dv wudqvsruw frvwv

idoo +erwk lq wkh irup ri d glvfuhwh mxps dqg d frqwlqxhg lqfuhdvh,/ lw fdq ghfuhdvh +rqh iru rqh zlwk

wkh wudqvsruw frvw/ ru dw d vorzhu udwh, ru/ lw fdq eh wrwdoo| xqd�hfwhg e| wudqvsruw frvwv1 Wkh pdlq

lqvljkw lv wkdw dv wudqvsruw frvwv ehwzhhq pdunhwv ghfuhdvh/ duelwudjh sodfhv d wljkwhu frqvwudlqw rq wkh

pd{lpl}dwlrq sureohp � dv d uhvxow/ wkh lqfhqwlyhv iru d �up wr vhjphqw pdunhwv lqfuhdvh1 Zkloh zh

irfxv rq d vlpsoh vhwxs/ wklv pdlq lqvljkw lv urexvw wr pdq| fkdqjhv lq wkh vshfl�fdwlrq ri ghpdqg dqg

qdwxuh ri frpshwlwlrq1 Doo lq doo/ krz sulfh gl�huhqfhv ehwzhhq pdunhwv uhvsrqg wr fkdqjhv lq wudqvsruw

frvwv zloo ghshqg rq wkh fkdudfwhulvwlfv ri ghpdqg dqg wkh frvwv ri vhjphqwlqj/ udwkhu wkdq mxvw ehlqj

ghwhuplqhg e| d vlpsoh duelwudjh frqglwlrq1

E| pdnlqj wkh ghflvlrq wr vhjphqw pdunhwv hqgrjhqrxv/ zh h{whqg d odujh olwhudwxuh ruljlqdwlqj zlwk

Eudqghu +4<;4, dqg Eudqghu dqg Nuxjpdq +4<;6,1 Wkhlu �vhjphqwhg pdunhwv� prgho kdv ehfrph d

vwdqgdug prgho ri wudgh xqghu lpshuihfw frpshwlwlrq +vhh/ iru lqvwdqfh/ Edogzlq dqg Yhqdeohv/ 4<<8/ iru

d glvfxvvlrq,1 Pdunhwv duh dvvxphg wr eh h{rjhqrxvo| vhjphqwhg lq wkh vhqvh wkdw ghflvlrqv rq txdqwlwlhv

4Iru lqvwdqfh/ pdunhw gholqhdwlrqv iru dqwl0wuxvw fdvhv dqg wkh frqvwudlqwv idfhg e| prqhwdu| dqg �vfdo srolf| lq dq
rshq hfrqrp|1 Wudqvsruw frvwv sod| d fhqwudo uroh lq ghwhuplqlqj wkh orfdwlrq ri surgxfwlrq +vhh iru lqvwdqfh Ixmlwd hw do/
4<<<, dqg iru wudgh sdwwhuqv lq judylw| prghov ri wudgh +vhh iru lqvwdqfh Ihhqvwud hw do 5334,1

5Vhh Kxpphov +4<<<, iru d uhfhqw glvfxvvlrq ri wudqvsruw frvwv dqg dq dwwhpsw wr phdvxuh wkhvh1
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duh pdgh vhsdudwho| iru hdfk pdunhw1 Dq dowhuqdwlyh lv wr dqdo|}h jdphv zkhuh fdsdflw| lv �uvw vhw dw d

joredo ohyho/ zkhuhdiwhu frpshwlwlrq xqghu ydulrxv dvvxpswlrqv lv dqdo|}hg � wklv lv h{soruhg lq Yhqdeohv

+4<<3/ vhjphqwhg dqg lqwhjudwhg pdunhwv/ gl�huhqwldwhg jrrgv, dqg Ehq0]yl dqg Khospdq +4<<5/ sulfh

frpshwlwlrq lq krprjhqrxv jrrgv,1 Lq wkh diruhphqwlrqhg dqdo|vlv/ wkh frxqwulhv duh jhqhudoo| dvvxphg

wr eh v|pphwulf � rswlpdo sulfhv duh wkhuhiruh htxdo dqg duelwudjh zloo qrw srvh elqglqj frqvwudlqwv

rq wkh rswlpl}lqj ghflvlrqv ri �upv16 Wkh irfxv ri wkh dqdo|vlv kdv ehhq zhoiduh frqvhtxhqfhv ri wudgh

dqg zkhwkhu ru qrw zh revhuyh furvv0kdxolqj/ l1h1 wzr0zd| wudgh lq lghqwlfdo jrrgv1 Lq frqwudvw/ wkh

fxuuhqw sdshu irfxvhv rq xqghuvwdqglqj wkh lqwhudfwlrq ehwzhhq wudqvsruw frvwv dqg sulfh ghyldwlrqv

dfurvv pdunhwv1

Wkh delolw| wr vhjphqw fxvwrphu jurxsv zlwk gl�hulqj zloolqjqhvv wr sd| +ru pdunhwv zkhuh pdujlqdo

frvwv gl�hu,/ lqfuhdvhv sur�wv iru d prqrsrolvw e| doorzlqj iru wklug ghjuhh sulfh glvfulplqdwlrq1 E|

frqvlghulqj wkh lqfhqwlyhv wr vhjphqw pdunhwv xqghu roljrsro|/ zh uhodwh wr d vpdoo olwhudwxuh h{dplqlqj

sulfh glvfulplqdwlrq xqghu lpshuihfw frpshwlwlrq +Krophv/ 4<;</ dqg Fruwv/ 4<<;,1 Gl�huhqw phfkdqlvpv

doorzlqj iru +vrph ghjuhh ri, vhjphqwdwlrq duh yhuwlfdo uhvwudlqwv +vhh/ iru lqvwdqfh/ Jrxog/ 4<::,/ kdylqj

gl�huhqw eudqg qdphv lq gl�huhqw orfdwlrqv/ exqgolqj zlwk qrq0wudghg jrrgv +h{soruhg lq Kruq dqg Vk|/

4<<9, dqg dgxowhudwlrq ri wkh jrrg vxfk dv kdylqj gl�huhqw whfkqlfdo vwdqgdugv lq gl�huhqw uhjlrqv ru

frxqwulhv +vhh Vkdslur dqg Yduldq/ 4<<</ iru d glvfxvvlrq ri krz wr vhjphqw pdunhwv lq d orz wudqvsruw

frvw hqylurqphqw 0 wkh Lqwhuqhw,1 Udwkhu wkdq irfxvlqj rq dq| vshfl�f zd| ri vhjphqwlqj pdunhwv zh

qrwh wkdw d �up fdq/ lq d qxpehu ri zd|v/ ghwhu duelwudjh dqg wkdw wklv lv olnho| wr eh dvvrfldwhg zlwk

vrph frvw17

6Wudqvsruw frvwv duh w|slfdoo| dvvxphg wr eh srvlwlyh iru wkh h{sruw pdunhw dqg }hur iru wkh grphvwlf pdunhw1 Zh
wkhuhiruh revhuyh sulfh glvfulplqdwlrq +�gxpslqj�, hyhq li sulfhv duh htxdo dfurvv pdunhwv/ vlqfh pdunxsv gl�hu ehwzhhq
wkh krph dqg h{sruw pdunhw1 Dqghuvrq hw do +4<<8, dqg Dqghuvrq dqg Vfkplww +5333, xvh wkh v|pphwulf pdunhwv fdvh wr
h{dplqh lvvxhv uhodwhg wr rxu vwxg| � lq d �uvw vwdjh/ jryhuqphqwv ghflgh lq d qrq0frrshudwlyh jdph zkhwkhu wr lpsrvh
qrq0wdul� eduulhuv +dqwlgxpslqj odzv,1

7Wkh phfkdqlvpv zklfk khos vhjphqwlqj pdunhwv pd| fohduo| dovr eh prwlydwhg rq rwkhu jurxqgv/ yhuwlfdo uhvwudlqwv
iru lqvwdqfh pd| eh prwlydwhg e| vhyhudo idfwruv +vhh Pduwlq/ 5334,1 Zh phuho| qrwh wkdw wkh rswlpdo xvdjh ri wkhvh
phfkdqlvpv zloo eh gl�huhqw li pdunhw vhjphqwdwlrq lv dovr dq lvvxh1 Wkh dvvxpswlrq ri �{hg frvwv ri vhjphqwlqj lv dovr
xvhg lq Iulehuj +5334, zklfk h{dplqhv krz vxqn frvwv ri vhjphqwlqj pd| fuhdwh dq rswlrq ydoxh ri vhjphqwlqj zkhq wkhuh
lv uhdo h{fkdqjh udwh yduldelolw|1 Uhodwhg wr wkh suhvhqw sdshu lv dovr Fkhq dqg Pdvnxv +5333, zkr h{dplqh wkh rswlpdo
zkrohvdoh sulfh iru d pdqxidfwxuhu wkdw vhoov rq wzr qdwlrqdo pdunhwv1 Wkh pdqxidfwxuhu lv yhuwlfdoo| lqwhjudwhg rq rqh
pdunhw exw vhoov wr dq lqghshqghqw uhwdlohu lq wkh rwkhu pdunhw/ zklfk rshqv xs iru sdudooho lpsruwv li zkrohvdoh sulfh lv
vhw orz hqrxjk1
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4 Wkh Prgho

Zh h{dplqh d vlpsoh sduwldo htxloleulxp prgho zkhuh �upv sod| Qdvk lq txdqwlwlhv +Frxuqrw,1 Ohw wkhuh

eh wzr frxqwulhv/ Krph dqg Iruhljq/ zlwk rqh �up orfdwhg lq hdfk frxqwu|1 Yduldeohv lq orzhu fdvh ohwwhuv

ghqrwh wkh Krph pdunhw dqg fdslwdo ohwwhuv ghqrwh wkh Iruhljq pdunhw1 Wkxv { uhsuhvhqwv wkh txdqwlw|

surgxfhg e| wkh Krph �up iru wkh Krph pdunhw dqg [ wkh txdqwlw| lw surgxfhv iru wkh Iruhljq pdunhw1

Vlploduo|/ ohw | eh wkh Iruhljq �up*v h{sruw wr wkh Krph pdunhw dqg ohw \ eh wkh surgxfwlrq ri wkh

Iruhljq �up iru lwv grphvwlf pdunhw1 Ghqrwh sulfhv lq wkh Krph frxqwu| e| s dqg e| S lq wkh Iruhljq

frxqwu|1

Zh dvvxph olqhdu ghpdqgv iru hdfk pdunhw zlwk lqyhuvh ghpdqg fxuyhv jlyhq e| wkh iroorzlqj pdwul{/

Krph frxqwu| Iruhljq frxqwu|

Krph surgxfw s +{, @ 4� {� �| S +[, @ D�[ � �\

Iruhljq surgxfw s +|, @ 4� | � �{ S +\ , @ D� \ � �[

zkhuh wkh ghjuhh ri surgxfw gl�huhqwldwlrq lv jlyhq h{rjhqrxvo| e| � 5 ^3> 4,1 Lq wkh fdvh ri krprjh0

qrxv jrrgv +� @ 4,/ wkhuh zloo eh pxowlsoh htxloleuld dqg zh zloo dqdo|}h d olplwlqj fdvh zkhuh � $ 41

Zh frq�qh wkh dwwhqwlrq wr wkh fdvh zkhuh D A 4 zklfk phdqv wkdw zh fdq wklqn ri wkh Iruhljq pdunhw

dv d uhodwlyho| ulfk dqg odujh pdunhw1 Ohw w eh wkh frvw ri wudqvsruwlqj d xqlw ri wkh jrrg ehwzhhq Krph

dqg Iruhljq +wkh �up dqg wkh frqvxphuv idfh wkh vdph w,1 Hdfk �up kdv wkh delolw| wr lqyhvw lq pdunhw

vhjphqwdwlrq iru lwv rzq jrrg vxfk wkdw e| vshqglqj dq dprxqw N> duelwudjh lv uxohg rxw dqg frqvxphuv

duh wkhq qrw deoh wr ehqh�w iurp d orzhu sulfh deurdg1 Li wkh �up kdv qrw sdlg wkh �{hg frvw ri pdunhw

vhjphqwdwlrq/ sur�w pd{lpl}dwlrq zloo eh vxemhfw wr wkh frqvwudlqw wkdw wkh gl�huhqfh lq sulfh lv ohvv

wkdq ru htxdo wr wkh wudqvsruw frvw +mS � sm � w,1 Zh zloo uhihu wr wklv dv wkh ORS0frqvwudlqw +odz ri

rqh sulfh frqvwudlqw,1

Zh dvvxph wkdw wkh �upv vlpxowdqhrxvo| fkrrvh txdqwlwlhv dqg zkhwkhu wkh| zdqw wr vhjphqw lq d

rqh0vkrw jdph1 Zh doorz rqo| iru sxuh vwudwhjlhv1 Zh vd| wkdw d vwudwhj| sur�oh lv dq htxloleulxp li wkh

vwudwhj| sur�oh lv d Qdvk htxloleulxp1 D �up wkdw sod|v d Frxuqrw jdph frqmhfwxuhv d }hur txdqwlw|
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uhvsrqvh wr pdujlqdo fkdqjhv lq lwv rzq txdqwlw|1 Wkh ORS frqvwudlqw wkxv rqo| hqwhuv wkh lqwhjudwlqj

�upv pd{lpl}dwlrq sureohp18

Ohw �K dqg �I ghqrwh sur�wv +h{foxglqj vhjphqwlqj frvwv, ri wkh Krph dqg Iruhljq �up/ uhvshf0

wlyho|1 Wr vlpsoli|/ zh dvvxph wkh pdujlqdo frvw ri surgxfwlrq wr eh }hur1 Wkh �upv* pd{lpl}dwlrq

sureohpv duh=

�K � LK
v
N @ pd{

{>[>LK
v

{s +{, .[S +[,� w[ � �
4� LK

v

�
�K+S +[,� s+{,� w,� ~} �

�K

� LK
v
N>

iru wkh Krph �up dqg wkh Iruhljq �up*v sureohp lv

�I � LI
v
N @ pd{

|>\>LI
v

|s +|, . \ S +\ ,� w| � �
4� LI

v

�
�I +S +\ ,� s+|,� w,� ~} �

�I

� LI
v
N>

zkhuh Lv lv dq lqglfdwru ixqfwlrq iru wkh fdvh wkdw wkh �up vhjphqwv dqg � lv d Odjudqjh pxowlsolhu1

Vxssuhvvlqj wkh txdqwlw| fkrlfhv/ wkhuh duh irxu srvvleoh vwudwhj| sur�ohv zlwk uhvshfw wr wkh vhjphqwdwlrq

ghflvlrq/ +V>V,/ +Q>V,/ +V>Q, dqg +Q>Q, zkhuh wkh �uvw ohwwhu lqglfdwhv wkh dfwlrq ri wkh Krph �up

+Vhjphqw/ V/ ru qrw/ Q, dqg wkh vhfrqg wkh dfwlrq ri wkh Iruhljq �up1 Vroylqj iru wkh rswlpdo txdqwlw|

lq hdfk fdvh xqghu wkh dssursuldwh frqvwudlqwv/ jlyhv ixqfwlrqv �K +D> �> w, dqg �I +D> �> w, = Zh xvh

vxelqgh{hv wr lqglfdwh zklfk vwudwhj| sur�oh d sur�w uhihuv wr1 Iru h{dpsoh �IQ>V ghqrwhv wkh rshudwlqj

8Wkxv/ d �up*v uhdfwlrq ixqfwlrqv zloo qrw eh ghshqghqw rq zkhwkhu wkh rwkhu �up lqwhjudwhv ru vhjphqwv1 Wkh

htxloleulxp txdqwlwlhv/ jlyhq e| wkh lqwhuvhfwlrq ri uhdfwlrq fxuyhv/ zloo fohduo| eh ghshqghqw rq erwk �upv* vwudwhjlhv

krzhyhu1 Li wkh vhjphqwlqj �up lqfrusrudwhg wkh frqvwudlqw/ wkdw wkh sulfh gl�huhqwldo ehwzhhq pdunhwv vkrxog htxdo | iru

wkh rwkhu �up/ wkhq lq rqh vhqvh wkh vhjphqwlqj �up lv dovr uhvsrqvleoh iru ixo�oolqj wkh frqvwudlqw1 Wkhuh zloo srwhqwldoo|

eh pxowlsoh htxloleuld xqohvv wkh uhodwlyh uhvsrqvlelolw| iru pdnlqj wkh sulfh gl�huhqwldo htxdo |c lv h{rjhqrxvo| vshfl�hg1

Wkh Frxuqrw vhwxs dprxqwv wr vxfk dq h{rjhqrxv vshfl�fdwlrq wkdw kljkoljkwv qrq0vwudwhjlf h�hfwv1 Lqwhuhvwlqj h{whqvlrqv

frxog eh wr h{dplqh vhtxhqwldo ghflvlrqv rq pdunhw vhjphqwdwlrq/ iru lqvwdqfh h{dplqlqj Vwdfnhoehuj0w|sh htxloleuld1
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sur�w iru wkh Iruhljq �up/ jlyhq wkh vwudwhj| sur�oh +Q>V, = Wkh sd|r� pdwul{ lv wkhq jlyhq e|=

Iruhljq

Krph

Vhjphqw Qrw Vhjphqw

Vhjphqw �
�K

V>V �N> �IV>V �N �KV>Q �N> �IV>Q

Qrw Vhjphqw �
�K

Q>V > �
I

Q>V �N �KQ>Q > �IQ>Q

+4,

Wr �qg wkh htxloleuld ri wkh jdph/ zh qhhg wr frpsduh wkh uhodwlyh ehqh�wv ri vwudwhjlhv/ wkdw lv/ frpsduh

wkh gl�huhqfh lq sur�wv ehwzhhq vhjphqwlqj dqg lqwhjudwlqj iru wkh fdvhv zkhuh wkh ulydo �up vhjphqwv

dqg lqwhjudwhv/ uhvshfwlyho|1 Vhh Dsshqgl{ D iru wkh ghulydwlrq ri wkhvh sur�wv1 Wkh gl�huhqfh ehwzhhq

sd|r�v zloo ghshqg rq w> dqg zh zlvk wr h{soruh krz wkh uhvxowlqj htxloleuld wkhq ghshqg rq w= Wr �qg

wkh htxloleuld ri wkh jdph uhsuhvhqwhg e| pdwul{ +4, zh sorw wkh gl�huhqfhv lq sur�wv lpsolhg e| wkh

iroorzlqj uhodwlrqv/ zklfk ghwhuplqh wkh gl�huhqfh lq sd|r�v iru wkh uhvshfwlyh vwudwhjlhv/ jlyhq wkh rwkhu

�upv vwudwhj|1

�KV>V +D> �> w,��KQ>V +D> �> w, >

�KV>Q +D> �> w,��KQ>Q +D> �> w, >

dqg

�IV>V +D> �> w,��IV>Q +D> �> w, >

�IQ>V +D> �> w,��IQ>Q +D> �> w, =

Iru h{dpsoh/ �KV>V � �KQ>V +zh vxssuhvv wkh ghshqghqf| rq sdudphwhuv khuhdiwhu, jlyhv wkh jdlq lq

rshudwlqj sur�wv iru wkh Krph �up ri vhjphqwlqj frpsduhg wr qrw vhjphqwlqj/ jlyhq wkdw wkh Iruhljq �up

vhjphqwv1 Iru lqvwdqfh/ li �KV>V��KQ>V A N dqg �KV>Q��KQ>Q A N> vhjphqwlqj lv d grplqdqw vwudwhj| iru

wkh Krph �up1 Wkh sd|r� jdlq iurp vhjphqwlqj rxwzhljkv wkh frvw ri vhjphqwlqj/ qrwzlwkvwdqglqj wkh

dfwlrqv ri wkh Iruhljq �up1 Rq wkh rwkhu kdqg/ wkh jdph zrxog eh d frruglqdwlrq jdph li �KV>V��KQ>V A

9



N/ �KV>Q � �KQ>Q ? N> �IV>V � �IV>Q A N dqg �IQ>V � �I
Q>Q ? N1 Zh ohw wkh udqjh ri w iru zklfk zh

vwxg| wkh jdph eh vhw e| wkh wljkwhu ri wzr uhvwulfwlrqv1

Iluvwo|/ hdfk �up kdv wr uhfhlyh d juhdwhu sd|r� iurp wkh rxwfrph ri wkh deryh jdph wkdq lw zrxog

li lw vrog rqo| rq rqh pdunhw1 Lq sduwlfxodu/ dw vrph srlqw wkh Iruhljq �up zloo suhihu wr vkxw grzq wkh

Krph pdunhw udwkhu wkdq ohw sulflqj rq wkh Iruhljq pdunhw eh uhvwulfwhg e| duelwudjh rssruwxqlwlhv1 Zh

prgho wkh rssruwxqlw| wr vkxw grzq d pdunhw dv d �uvw vwdjh ri wkh jdph1 Wkxv/ zh fdq wklqn ri wkh

deryh jdph dv d vhfrqg vwdjh lq d wzr vwdjh jdph/ zkhuh lq wkh �uvw vwdjh wkh wzr �upv qrq0frrshudwlyho|

ghflgh rq zkdw pdunhwv wr eh dfwlyh> vhh Dsshqgl{ E1

Vhfrqgo|/ zh olplw dwwhqwlrq wr wkh fdvh zkhuh duelwudjh srvhv d elqglqj frqvwudlqw iru erwk �upv1

Zlwk kljk wudqvsruw frvw/ lw zloo eh sur�wdeoh iru �upv wr hqwhu wkh rwkhu pdunhw/ exw wudqvsruw frvwv

zloo vwloo eh vx!flhqwo| kljk wr pdnh duelwudjh xqsur�wdeoh iru frqvxphuv19 Iru orz wudqvsruw frvwv/

duelwudjh srvvlelolwlhv zloo uhvwulfw wkh �upv* sur�w pd{lpl}dwlrq sureohpv/ xqohvv wkh �upv wdnh wkh

frvw ri vhjphqwlqj pdunhwv1 Xqghu wkh dvvxpswlrq wkdw erwk �upv vhjphqw/ qhlwkhu ri wkh frqglwlrqv

S +\ ,� s +|, ? w dqg S +[,� s +{, ? w krog li:

w ? +D� 4,
5� �

+� . 5, +6� 5�,
� D� 4

6
= +5,

Wkxv/ duelwudjh e| frqvxphuv srvhv d sureohp iru �upv zkhq wudqvsruw frvwv duh orz lq uhodwlrq wr

frxqwu| dv|pphwulhv> wkh odujhu wkh gl�huhqfh ehwzhhq zloolqjqhvv wr sd|/ wkh odujhu lv wkh srwhqwldo

gl�huhqfh lq sulfhv dqg wkh odujhu lv wkh udqjh ri w iru zklfk frqvxphuv �qg duelwudjh sur�wdeoh1 Rq wkh

rwkhu kdqg/ li wkh frxqwulhv zhuh lghqwlfdo +D @ 4,/ wkhq zh zrxog eh lq wkh Eudqghu0Nuxjpdq zruog

zkhuh duelwudjh lv qrw dq lvvxh/ vlqfh rswlpdo sulfhv duh htxdo rq lghqwlfdo pdunhwv zlwk lghqwlfdo �upv1

Diwhu wkhvh suholplqdulhv zh duh uhdg| wr dqdo|}h wkh uhvxowlqj htxloleuld1 Wkurxjkrxw zh vhw D @ 51

Wr lvrodwh wkh h�hfwv ri pdunhw dv|pphwulhv/ zh �uvw vwxg| wkh fdvh zkhuh � @ 3 dqg ghpdqg iru wkh

jrrgv duh lqghshqghqw= Zh surfhhg zlwk dq dqdo|vlv ri wkh srodu fdvh zkhuh jrrgv duh krprjhqrxv

9Iru hyhq kljkhu wudqvsruw frvwv/ hdfk �up zloo ri frxuvh kdyh d orfdo prqrsro|1
:Wkh frqvwudlqw lv idluo| xqvhqvlwlyh wr �� D vhulhv h{sdqvlrq vkrzv wkdw E23 �� * EE� n 2� E�3 2��� ' �*� 3 �*b n

D�2*Den�
�
�
�
�
E �*�� Ixuwkhu/ wkh frqvwudlqw lv qrq0olqhdu lq �c zlwk pd{lpd dw � htxdo wr f dqg �c zkhuh wkh frqglwlrq

ehfrphv | 	 E�3 �� *�� Wkh frqvwudlqw lv ghulyhg dw wkh hqg ri Dsshqgl{ D1

:



+� $ 4,1 Odvwo| zh h{dplqh wkh lqwhuphgldwh fdvh ri � @ 4@5=

Wkh irufhv wkdw ghwhuplqh wkh htxloleuld duh wzr/ zlwk wkhlu uhodwlyh vwuhqjwk ydu|lqj zlwk wkh ghjuhh

ri surgxfw gl�huhqwldwlrq dqg wudqvsruw frvwv=

Revhuydwlrq 4 Lq jhqhudo/ �upv vhjphqw lq rughu wr krog edfn rq txdqwlwlhv rq wkh ulfk pdunhw dqg

wkhuhe| udlvh sur�wv � d wklug ghjuhh sulfh glvfulplqdwlrq phfkdqlvp1

Revhuydwlrq 5 Li surgxfwv duh vlplodu/ wkh sulfh lqfuhdvh iroorzlqj iurp d �up*v txdqwlw| uhgxfwlrq

zloo pdnh vrph fxvwrphuv fkrrvh wkh frpshwlwru*v surgxfw1

Wkxv/ lq jhqhudo/ zh h{shfw ohvv vhjphqwdwlrq lq wkh roljrsro| fdvh +� A 3,1 Wkh olwhudwxuh h{dplqlqj

sulfh glvfulplqdwlrq xqghu roljrsro| lv vr idu yhu| olplwhg1 Krophv +4<;<, dqdo|}hv wkh lqwhudfwlrq ri

wkhvh wzr phfkdqlvpv e| h{dplqlqj roljrsrolvwlf �upv wkdw vhw sulfhv rq gl�huhqwldwhg surgxfwv1 Krophv

h{dplqhv v|pphwulf �upv dqg grhv qrw dqdo|}h wkh fdvh ri wudqvsruw frvwv1

414 Lqghshqghqw ghpdqgv

Zkhq wkh surgxfwv duh shuihfwo| gl�huhqwldwhg +� @ 3,/ wkh uhodwlyh ehqh�w iurp vhjphqwdwlrq frpsduhg

wr lqwhjudwlrq iru d �up lv lqghshqghqw ri wkh vwudwhj| ri wkh rwkhu �up1 Lq Iljxuh 4d/ zh sorw wkh

gl�huhqfh lq sur�wv ehwzhhq wkh lqwhjudwhg dqg vhjphqwhg pdunhwv fdvh/ dv d ixqfwlrq ri wudqvsruw frvwv

+iru D @ 5,1 Wkh idw olqh jlyhv wkh jdlq lq uhyhqxh iurp rshudwlqj xqghu vhjphqwhg pdunhwv udwkhu wkdq

xqghu lqwhjudwhg pdunhwv iru wkh Iruhljq �up/ dqg wkh wklq olqh lv wkh htxlydohqw iru wkh Krph �up1;

Iru lqvwdqfh/ li w @ 3=38 wkh rshudwlqj sur�wv iru wkh Krph �up duh derxw 3=45 kljkhu li lw vhjphqwv wkdq

li lw lqwhjudwhv1 Fohduo| Krph zloo vhjphqw li wklv jdlq lv odujhu wkdq wkh frvw ri vhjphqwlqj/ N=

Iljxuh 4d dqg 4e derxw khuh

Iru orz wudqvsruw frvwv +vxfk dv w @ 3=38,/ dqg lqwhuphgldwh frvwv ri vhjphqwdwlrq +vxfk dv N @ 3=39,/

wkh jdlq iurp vhjphqwlqj rxwzhljkv wkh frvw dqg erwk �upv vhjphqw1 Wklv lv wuxh iru wkh zkroh uhjlrq

ehorz wkh idw olqh/ zklfk lv pdunhg zlwk V/V/ ghqrwlqj wkdw erwk �upv vhjphqw lq htxloleulxp1< Qrz/

;Vlqfh sd|r�v duh lqghshqghqw ri zkdw wkh rwkhu �up grhv/ �M7c7 ' �
M
7c� dqg �M�c7 ' �

M
�c� �

<Qrwh wkdw g dqg | kdyh wkh vdph pdjqlwxgh lq Iljxuh 51 Wklv pljkw vhhp vxusulvlqj dv | lv d shu0lwhp frvw dqg g lv d

�{hg frvw/ zklfk zh wklqn lv odujh1 Krzhyhu/ li erwk �upv vhjphqw/ dqg | ' f�fDc wkhq/ iru lqvwdqfh/ + ' f� e.Dc vr wkdw wkh

;



iru ydoxhv ri w dqg N vxfk wkdw zh duh deryh erwk olqhv/ qhlwkhu ri wkh �upv zloo �qg lw ehqh�fldo wr

vhjphqw1

Iljxuh 4e h{dplqhv wkh uhvxowlqj sulfh gl�huhqwldo ehwzhhq pdunhwv1 Li pdunhwv duh lqwhjudwhg wklv

gl�huhqwldo fohduo| htxdov w1 Dv w sdvvhv d fulwlfdo wkuhvkrog/ orzhu wudqvsruw frvwv zloo eh dvvrfldwhg zlwk

dq xszdug mxps lq wkh sulfh gl�huhqwldo1 Wkh uhdvrq lv wkdw lw ehfrphv vx!flhqwo| ydoxdeoh iru wkh �up

wr ex| lwvhoi iuhh iurp wkh duelwudjh frqvwudlqw1 Zkhq pdunhwv duh vhjphqwhg/ ghfuhdvhv lq wudqvsruw

frvwv zloo d�hfw wkh sulfh gl�huhqwldo ohvv wkdq rqh0iru0rqh1 Sulfh rq wkh grphvwlf pdunhw lv xqd�hfwhg

e| w dqg fkdqjhv lq w duh lpshuihfwo| sdvvhg wkurxjk wr wkh Iruhljq pdunhw1 Pruh jhqhudoo|/ wkh h{whqw

ri sdvv0wkurxjk wr wkh Iruhljq sulfh lv ghwhuplqhg e| wkh fxuydwxuh ri ghpdqg dqg frvw ixqfwlrqv +vhh

iru lqvwdqfh Ihhqvwud/ 4<;<,1 Ilqdoo|/ qrwh wkdw wkh sulfh gl�huhqwldo grhv qrw jr wr }hur dv wudqvsruw

frvwv jr wr }hur1

Dv vhhq lq Iljxuh 4d lq wkh uhjlrq deryh wkh idw olqh/ exw ehorz wkh wklq olqh/ wkh Krph �up vhjphqwv

zkhuhdv wkh Iruhljq �up lqwhjudwhv1

Uhpdun 4 Jlyhq wkdw wkhuh lv qr vwudwhjlf lqwhudfwlrq dqg pdunhwv duh vhjphqwhg/ wkh �up iurp Krph

+wkh srru pdunhw, vhwv sulfhv vxfk wkdw wkh sulfh gl�huhqfh ehwzhhq frxqwulhv lv kljkhu wkdq zkdw wkh �up

iurp Iruhljq +wkh ulfk pdunhw, vhwv1

Wkh lqwxlwlrq iru wklv uhvxow/ zklfk fdq eh suryhg iru wkh jhqhudo fdvh/ lv wkh iroorzlqj= Rswlpdo

sulfhv duh kljkhu rq wkh Iruhljq pdunhw/ vlqfh wkdw lv wkh ulfk pdunhw1 Iru wkh Krph �up/ wudqvsruw

frvwv vhuyh wr ixuwkhu lqfuhdvh wkh Iruhljq sulfh +vlqfh wkdw lv lwv h{sruw pdunhw,1 Rq wkh rwkhu kdqg/ iru

wkh Iruhljq/ ulfk frxqwu| �up/ wudqvsruw frvwv udlvh wkh sulfh rq wkh fkhdshu pdunhw/ dqg wkhuhiruh vhuyh

wr ghfuhdvh sulfh gl�huhqwldov1 Jlyhq wkdw �upv idfh wkh vdph olqhdu ghpdqg ixqfwlrqv +zklfk ihdwxuh d

sdvv0wkurxjk ri wudqvsruw frvwv ri 425/ vhh Ihhqvwud/ 4<;<, zh nqrz wkdw lq wkh fdvh zkhq erwk �upv

vhjphqw ;AA?
AA=

S +[,� S +\ , @ w@5

s+|,� s+{, @ w@5

, S +[,� s+{, @ S +\ ,� s+|, . w=

wrwdo frvw ri h{sruwv lv urxjko| htxdo wr f�f2 iru wkh Iruhljq �up1 Wkhq/ g ' f�fS lv wkuhh wlphv wkh vl}h ri wrwdo h{sruw

frvwv iru wkh Iruhljq �up/ zklfk lv lq olqh zlwk zkdw zh h{shfw1

<



Wkxv/ dv vwdwhg lq Uhpdun 4/ S +[,� s+{, A S +\ ,� s+|,= Lq wkh �jxuh ehorz/ zh looxvwudwh wkh rswlpdo

sulfhv xqghu vhjphqwhg pdunhwv iru wkh wzr �upv1

Iljxuh 5 derxw khuh

Vlqfh wkh gl�huhqfh ehwzhhq rswlpdo sulfhv lv juhdwhu iru wkh Krph �up/ lw lv zloolqj wr ehdu d kljkhu

frvw wr dyrlg wkh frqvwudlqw wkdw wkh sulfh gl�huhqwldo vkrxog htxdo w1

415 Krprjhqhrxv jrrgv

Li wkhuh lv qr gl�huhqfh ehwzhhq wkh �upv* surgxfwv +� @ 4,/ wkhq wkh �upv sod| d vwdqgdug Frxuqrw

jdph zkhq pdunhwv duh vhjphqwhg1 Krzhyhu/ zkhq � @ 4 zh zloo kdyh pxowlsoh htxloleuld lq wkh fdvh

zkhuh erwk �upv lqwhjudwh> erwk �upv wkhq kdyh wr ixo�oo wkh vdph ORS frqvwudlqw dqg zh duh qrw

deoh wr xqltxho| ghwhuplqh wkh rswlpdo txdqwlwlhv ri wkh �upv1 Lq frqvhtxhqfh wklv vhfwlrq uholhv rq

txdqwlwlhv fdofxodwhg iru wkh olplwlqj fdvh dv � $ 4=43 Iljxuh 6d ehorz looxvwudwhv wkh uhvxowlqj htxloleuld

dv d ixqfwlrq ri N dqg w iroorzlqj wkh vdph orjlf dv Iljxuh 4d1 Gl�huhqfhv lq uhyhqxh duh phdvxuhg rq

wkh yhuwlfdo d{lv dqg duh d ixqfwlrq ri wudqvsruw frvwv/ phdvxuhg dorqj wkh krul}rqwdo d{lv1 Iru w A 3=5 wkh

iruhljq �up zloo suhihu wr forvh wkh Krph pdunhw udwkhu wkdq vhoo rq erwk pdunhwv dqg idfh dq duelwudjh

frqvwudlqw1 Lq frqvhtxhqfh wkh �jxuh lv jlyhq iru w � 3=5> zklfk lv wkh udqjh lq zklfk doo pdunhwv duh

rshq1

Iljxuh 6d dqg 6e derxw khuh

Frqvlghu/ iru h{dpsoh/ wkh frvw N @ 3=36 ri vhjphqwdwlrq1 Li wkh wudqvsruw frvw lv w @ 3=48/ wkhq

zh duh lq wkh wrs0prvw uhjlrq ri Iljxuh 6d/ zklfk phdqv wkdw �KV>V � �KQ>V ? N/ �KV>Q � �KQ>Q ? N>

�IV>V � �IV>Q ? N dqg �IQ>V � �I
Q>Q ? N vxfk wkdw lw lv d grplqdqw vwudwhj| iru hdfk ri wkh �upv wr

lqwhjudwh pdunhwv1 D frpsdulvrq zlwk wkh htxloleuld ri Iljxuh 4d vkrzv wkdw wkhuh lv ohvv vhjphqwdwlrq

zkhq surgxfhuv vhoo lghqwlfdo jrrgv144 Iru d eurdg udqjh ri ydoxhv ri N dqg w> wkh xqltxh htxloleulxp lv

wkdw qhlwkhu �up vhjphqwv1

Wkh lqwhughshqghqfh ri wkh �upv* ghflvlrqv lv dssduhqw lq wkh fdvh zkhq wudqvsruw frvwv duh orz �

43 Lq sduwlfxodu/ � ' f�bb
44Qrwh wkdw zh duh qrw uhdoo| grlqj d frpsdudwlyh vwdwlfv h{huflvh> zh duh kroglqj wkh lqwhufhswv ri wkh ghpdqg ixqfwlrq

�{hg dv zh lqfuhdvh ��
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zh wkhq kdyh d frruglqdwlrq jdph dqg wkhuh duh wzr htxloleuld � hlwkhu erwk �upv vhjphqw ru erwk

lqwhjudwh145 Iru wkh sdudphwhu ydoxhv zkhuh d vhjphqwlqj htxloleulxp h{lvwv hdfk �up dfklhyhv kljkhu

sur�wv lq wkh +V> V, htxloleulxp wkdq lq wkh +Q>Q, htxloleulxp1 Zh frxog wkhuhiruh h{shfw �upv wr eh

deoh wr frruglqdwh rq wkh htxloleulxp zkhuh wkh| erwk vhjphqw zkhq wudqvsruw frvwv dqg wkh frvwv ri

vhjphqwdwlrq duh orz1

Wklvvh dqg Ylyhv +4<;;, h{dplqh wkh fkrlfh ri sulfh glvfulplqdwlrq +}rqh sulflqj, yv1 xqlirup sulflqj

+edvlqj srlqw v|vwhp, iru krprjhqrxv jrrgv zkhq frqvxphuv duh frqwlqxrxvo| glvwulexwhg lq jhrjudsklf

vsdfh1 Wkh| �qg d urexvw whqghqf| iru �upv wr fkrrvh glvfulplqdwru| sulflqj exw gr qrw frqvlghu dq|

frvwv ri vhjphqwlqj pdunhwv1 Lq whupv ri rxu prgho/ wkh| h{dplqh wkh htxloleuld dorqj wkh w0d{lv +zkhuh

N @ 3,1 Sdudooho wr wkhlu uhvxow zh �qg wkdw wkh +V> V, htxloleulxp lv wkh xqltxh htxloleulxp iru yhu|

orz frvwv ri vhjphqwlqj dqg orz w1 Wkh gl�huhqfh �KV>Q ��KQ>Q > zklfk lv qrw gudzq lq wkh �jxuh/ doprvw

frlqflghv zlwk wkh w0d{lv exw lv srvlwlyh iru � ? 4=46 Wklv phdqv wkdw iru � ? 4 wkhuh lv dozd|v d uhjlrq

zkhuh vhjphqwdwlrq lv wkh xqltxh htxloleulxp rxwfrph1

Sulfh gl�huhqwldov ehwzhhq pdunhwv Wkh sulfh gl�huhqwldo ehwzhhq pdunhwv zloo w|slfdoo| htxdo w

zkhq jrrgv duh krprjhqhrxv/ dv vhhq lq Iljxuh 6e1 Krzhyhu/ dv zh mxvw vdz/ iru orz wudqvsruw frvwv dqg

orz frvwv ri vhjphqwlqj/ zh fdq eh lq wkh +V> V, htxloleulxp1 Uhpdundeo|/ wkh sulfh gl�huhqwldo ehwzhhq

pdunhwv lv wkhq wrwdoo| lqghshqghqw ri w1

Iljxuh 7 derxw khuh

Wklv uhvxow fdq eh xqghuvwrrg e| h{dplqlqj wkh uhdfwlrq ixqfwlrqv ri wkh �upv zkhq pdunhwv duh

vhjphqwhg1 Lq Iljxuh 7/ U\ lv wkh uhdfwlrq ixqfwlrq ri wkh Iruhljq �up rq wkh Iruhljq pdunhw/ dqg U|

lv lwv uhdfwlrq ixqfwlrq rq wkh Krph pdunhw1 Vlploduo|/ U[ dqg U{ duh wkh uhdfwlrq ixqfwlrqv ri wkh

Krph �up1 Wkh vkruw olqhv vkrz wkh h{sruw pdunhw uhdfwlrq ixqfwlrqv U[ dqg U| devhqw ri wudqvsruw

45 Lq d prgho ri Ehuwudqg frpshwlwlrq lq gl�huhqwldwhg jrrgv/ Fruwv +4<<;, h{dplqhv wkh lqfhqwlyhv iru �upv wr vhw d
xqlirup sulfh +lqwhjudwh, ru sulfh glvfulplqdwh +vhjphqw, lq yhuwlfdoo| vhjphqwhg pdunhwv1 Vlplodu wr rxu dssurdfk/ hdfk
�up kdv d uhodwlyh dgydqwdjh lq d vshfl�f pdunhw1 Rxu prgho gl�huv iurp Fruwv* lq wkdw erwk rxu �upv vhh wkh Iruhljq
pdunhw dv wkh vwurqj pdunhw1 Rxu prgho wkhq grhv qrw ihdwxuh wkh vdph vdph lqfhqwlyhv iru fxvwrphu srdfklqj dv klv
dqg sulfh glvfulplqdwlrq zloo qrw eh dvvrfldwhg zlwk �doo0rxw frpshwlwlrq�1 Fruwv grhv qrw frqvlghu dq| h{solflw frvwv ri
vhjphqwlqj1

46Iru lqvwdqfh/ iru � ' f�bb/ wkh gl�huhqfh ydulhv ehwzhhq D W �f
3D

dqg � W �f
3D ryhu wkh sorwwhg udqjh1
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frvwv1 Wkxv/ wkh htxloleulxp txdqwlwlhv/ devhqw wudqvsruw frvwv/ duh jlyhq e| wkh lqwhuvhfwlrqv ri wkh vkruw

olqhv zlwk wkh orfdo pdunhw uhdfwlrq ixqfwlrq lq hdfk frxqwu|/ wkh �upv wkhq vsolw hdfk pdunhw htxdoo|

+wkh htxloleulxp srlqwv duh rq wkh 780ghjuhh olqh,1 Wudqvsruw frvwv vkliw wkh htxloleulxp txdqwlwlhv lq

hdfk pdunhw iurp htxdo vkduhv wr orfdo dgydqwdjh/ e| vkliwlqj wkh �upv* uhdfwlrq ixqfwlrqv rq wkhlu

h{sruw pdunhwv lqzdug1 Dv wkh uhdfwlrq ixqfwlrq ri �upv* duh vkliwhg lq wkhlu uhvshfwlyh h{sruw pdunhwv/

wkh uhvxowlqj txdqwlw| fkdqjhv duh wudfhg rxw dorqj hdfk orfdo �up*v uhdfwlrq ixqfwlrqv +U\ dqg U{>

uhvshfwlyho|,= Lq hdfk fdvh/ wkh fkdqjh lq d �up*v rzq txdqwlw| lv uhdg dorqj lwv rzq d{lv/ zkhuh wkh

shufhlyhg vorshv ri uhdfwlrq ixqfwlrqv duh htxdo1 D fkdqjh lq w wkxv fkdqjhv orfdo txdqwlwlhv e| d idfwru

ri 425/ vr wkdw zkhq w lqfuhdvhv/ \ lqfuhdvhv dqg { lqfuhdvhv/ hdfk zlwk d idfwru ri 4251 Wkh vdph

uhdvrqlqj dssolhv wr hdfk �upv* h{sruwv/ zkhuh hdfk �up*v h{sruwhg txdqwlw| ghfuhdvhv e| d idfwru ri 51

Rq hdfk pdunhw/ lqfuhdvhv lq w ohdg wr d juhdwhu pdunhw vkduh iru wkh orfdo �up1 Dq lqfuhdvh lq w zloo wkxv

uhgxfh djjuhjdwh txdqwlwlhv rq hdfk pdunhw +[ . { dqg \ . |, e| wkh vdph dprxqw/ vlqfh wkh ghfuhdvh

lq h{sruwhg txdqwlwlhv lv wkh vdph iru erwk frxqwulhv +wkh fkdqjh lq [ htxdov wkh fkdqjh lq |> dqg wkh

fkdqjh lq \ htxdov wkh fkdqjh lq {,1 Wkxv/ lq wkh fdvh wkdw wkh ghpdqg ixqfwlrqv lq hdfk frxqwu| kdyh

wkh vdph vorsh/ zh kdyh wkh iroorzlqj uhvxow1

Uhpdun 5 Zkhq jrrgv duh krprjhqrxv +� @ 4,/ li erwk �upv vhjphqw/ wkh sulfh gl�huhqwldo S � s grhv

qrw ghshqg rq w1

Wkh lpsruwdqw srlqw lv wkdw ixqfwlrqdo irupv/ udwkhu wkdq d vlpsoh frqvwudlqw/ zloo ghwhuplqh krz

sulfh gl�huhqwldov uhvsrqg wr fkdqjhv lq wudqvsruw frvwv1 Wklv frqfoxghv rxu dqdo|vlv ri wkh krprjhqhrxv

jrrgv fdvh1 Diwhu vwxg|lqj wkh wzr srodu fdvhv ri krprjhqhrxv jrrgv dqg lqghshqghqw ghpdqgv/ zh

qrz wxuq wr wkh lqwhuphgldwh fdvh ri lpshuihfw vxevwlwxwhv1

416 Gl�huhqwldwhg surgxfwv

Qrz vhw wkh ghjuhh ri gl�huhqwldwlrq � htxdo wr 4@51 Wkh uhvxowlqj htxloleuld duh jlyhq lq Iljxuh 8d/

zkrvh od|rxw lv dqdorjrxv wr Iljxuhv 4d dqg 6d

Iljxuh 8d dqg 8e derxw khuh
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Frqvlghu/ iru h{dpsoh/ wkh frvw N @ 3=39 ri vhjphqwdwlrq1 Li wudqvsruw frvwv duh lqwhuphgldwh/ wkhq

zh duh lq uhjlrq Y lq Iljxuh 8d1 Wklv phdqv wkdw �KV>V��KQ>V A N/ �KV>Q��KQ>Q ? N> �IV>V��IV>Q ? N

dqg �IQ>V ��I
Q>Q ? N1 Rqo| �KV>V ��KQ>V lv odujhu wkdq N= Xvlqj wkhvh uhodwlrqv +frpsduh zlwk pdwul{

+4,,/ zh fdq wkhq hvwdeolvk wkdw wkh xqltxh Qdvk htxloleulxp lv wkdw qhlwkhu ri wkh �upv* vhjphqw pdunhwv1

Wkh uhjlrqv zkhuh qhlwkhu ri wkh �upv vhjphqw duh vkdghg lq oljkw juh|1 Lqwxlwlyho|/ wkhvh uhjlrqv duh

dvvrfldwhg zlwk uhodwlyho| kljk �{hg vhjphqwdwlrq frvwv dqg uhodwlyho| kljk wudqvsruw frvwv1 Vlploduo|/

wkh uhjlrqv zkhuh erwk �upv vhjphqw +L dqg LL, duh vkdghg lq gdun juh| dqg fkdudfwhul}hg e| d orz

vhjphqwdwlrq frvw dqg orz wudqvsruw frvwv1

Lq uhjlrqv LLL dqg YLL/ wkh xqltxh htxloleulxp lv wkdw wkh Krph �up vhjphqwv/ zkloh wkh Iruhljq �up

grhv qrw1 Wkh rqo| uhjlrq zlwk wzr htxloleuld lv uhjlrq LY/ zkhuh wkhuh lv d frruglqdwlrq jdph1 Erwk

�upv hlwkhu vhjphqw ru qrw1 Vr/ iru lqwhuphgldwh ohyhov ri vhjphqwdwlrq frvwv dqg orz wudqvsruw frvwv/

wkh lqwhughshqghqfh ri �upv* ghflvlrqv lv hvshfldoo| surqrxqfhg lq wkh vhqvh ri kdylqj d frruglqdwlrq

jdph1

Sulfh gl�huhqwldov ehwzhhq pdunhwv Jlyhq wkh htxloleuld lq Iljxuh 8d/ zh duh lqwhuhvwhg lq wkh

sulfh gl�huhqfhv ehwzhhq wkh wzr frxqwulhv dv w fkdqjhv1 Vhw N @ 3=35/ wkhq/ dv w ghfuhdvhv iurp 3=6> zh

pryh iurp uhjlrq LLL wr uhjlrqv LL dqg L1 Wkh Krph �up zloo vhjphqw iru doo w> zkloh iru w @ 3=46> wkh

Iruhljq �up vwduwv wr vhjphqw dv w ghfuhdvhv1 Dovr/ qrwh wkdw ORS zloo qrw krog iru dq| ri wkh jrrgv dw

}hur wudqvsruw frvwv1 Vlqfh wkh �upv vhjphqw/ dqg ghpdqg rq wkh Krph dqg Iruhljq pdunhwv gl�hu/ wkh

rswlpdo txdqwlwlhv dqg sulfhv gl�hu hyhq wkrxjk wkh frvwv duh wkh vdph1

D surplqhqw ihdwxuh lv wkdw wkh sulfh gl�huhqwldo ehwzhhq pdunhwv iru wkh Iruhljq surgxfhu*v jrrg

lqfuhdvhv dv wudqvsruw frvwv idoo> qrw rqo| lv wkhuh d glvfuhwh lqfuhdvh dv wkh Iruhljq �up vwduwv wr vhjphqw/

exw dovr d frqwlqxlqj lqfuhdvh dv wudqvsruw frvwv idoo ixuwkhu1 Wkh lqwxlwlrq lv vlpsoh> rq wkh Iruhljq

pdunhw

C +S +\ ,,

Cw
@ 5@48>
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dqg rq wkh Krph pdunhw

C +s +|,,

Cw
@ :@48=

Wkxv/ erwk sulfhv lqfuhdvh li w lqfuhdvhv> rq wkh Krph +h{sruw, pdunhw/ vlpso| ehfdxvh wudqvsruw frvwv

duh sdvvhg wkurxjk +lqfrpsohwho|, rqwr wkh sulfh wkdw Krph frqvxphuv idfh1 Rq wkh Iruhljq pdunhw wkh

h�hfw ri wudqvsruw frvwv rq sulfhv lv rqo| lqgluhfw wkurxjk wkh orzhu txdqwlwlhv ri lpsruwv iurp Krph1

Vlploduo|/ iru wkh Krph �up/ wkh fruuhvsrqglqj gl�huhqfh lq sulfhv frphv iurp d frpsdulvrq ri lwv h{sruw

sulfh plqxv wkh sulfh lw vhwv rq wkh Krph pdunhw1 Dv wudqvsruw frvwv lqfuhdvh/ wkh Krph �up*v h{sruw

sulfh lqfuhdvhv pruh wkdq grhv wkh sulfh rq wkh Krph pdunhw dqg wkhuhiruh/ wkh ghyldwlrq iurp ORS lv d

pluuru lpdjh ri wkh Iruhljq �up*v1 Ixuwkhu/ dv wkh Iruhljq �up vwduwv wr vhjphqw/ dqg wkhuhe| uhgxfhv

lwv txdqwlw| rq wkh Iruhljq pdunhw/ wklv lv dvvrfldwhg zlwk d glvfuhwh lqfuhdvh lq wkh sulfh fkdujhg e|

wkh Krph �up rq wkh Iruhljq pdunhw dqg wkxv zlwk d glvfuhwh mxps lq wkh ghyldwlrq iurp ORS/ doehlw

vpdoohu wkdq iru wkh Iruhljq �up1

5 Krph eldv dqg h{sruwhg txdqwlwlhv

Lqvwhdg ri xvlqj sulfh gl�huhqwldov ehwzhhq pdunhwv dv d phdvxuh ri pdunhw lqwhjudwlrq zh fdq vwxg|

txdqwlwlhv1 Lq wklv duhd dv zhoo/ hylghqfh derxqgv ri vxusulvlqjo| vhjphqwhg pdunhwv +vhh Revwihog dqg

Urjr�/ 5333,1 Wudgh ehwzhhq frxqwulhv lv orzhu dqg wkh pdunhw vkduh ri grphvwlf jrrgv lv kljkhu wkdq

zkdw fdq eh hdvlo| h{sodlqhg e| revhuyhg wudqvsruw frvwv147

Fohduo|/ hqgrjhqrxv vhjphqwdwlrq kdv lpsolfdwlrqv qrw mxvw iru sulfh gl�huhqwldov/ zklfk duh wkh irfxv

ri wklv sdshu/ exw dovr iru wudgh  rzv/ djjuhjdwh txdqwlwlhv vrog rq wkh uhvshfwlyh pdunhwv dqg wkh pdunhw

vkduh ri grphvwlf �upv1 Frpprq wr doo fdvhv vwxglhg lv wkdw hqgrjhqrxv vhjphqwdwlrq lv dvvrfldwhg zlwk

ghfuhdvhg txdqwlwlhv rq wkh Iruhljq pdunhw/ dqg lqfuhdvhg txdqwlwlhv rq wkh Krph pdunhw uhodwlyh wr

dq lqwhjudwhg rxwfrph1 Zh ohw lw vx!fh zlwk rqh h{dpsoh wr looxvwudwh wkh srwhqwldo pdjqlwxgh ri wkh

47Dv vwuhvvhg e| pdq| dxwkruv/ iru lqvwdqfh Revwihog dqg Urjr� +5333,/ wudqvsruw frvwv duh qrw wkh zkroh vwru| krzhyhu1
Li jrrgv duh forvh vxevwlwxwhv hyhq vpdoo wudqvsruw frvwv fdq ohdg wr d odujh vkduh ri frqvxpswlrq ehlqj grphvwlf1 Wu|lqj
wr lqihu wkh ghjuhh ri pdunhw lqwhjudwlrq edvhg rq vwxglhv ri wkh yroxph ri wudgh zloo wkhuhiruh uhtxluh wdnlqj d vwdqg rq
wkh hodvwlflw| ri vxevwlwxwlrq ri jrrgv zlwk gl�huhqw ruljlq1 Wkh gl�huhqfh lq sulfhv ri wkh vdph jrrg ehwzhhq pdunhwv lv d
pruh gluhfw phdvxuh ri pdunhw lqwhjudwlrq/ zklfk h{sodlqv rxu fkrlfh ri irfxv lq wkh suhvhqw sdshu1
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h�hfwv1 Wdnh wkh fdvh ri krprjhqrxv jrrgv +� $ 4,/ N @ 3=36 dqg wudqvsruw frvwv ri w @ 3=37= Dv vhhq

lq Iljxuh 6d erwk dq +Q>Q, dqg dq +V> V, htxloleulxp duh wkhq srvvleoh rxwfrphv1 Wrwdo txdqwlw| rq

wkh Iruhljq pdunhw lv 44 shufhqw kljkhu zkhq pdunhwv duh lqwhjudwhg udwkhu wkdq vhjphqwhg dqg h{sruwv

iurp Krph wr Iruhljq duh vrph 48 shufhqw kljkhu1 Wkhvh duh vxevwdqwldo h�hfwv1

Wkh �krph pdunhw eldv� surgxfhg e| hqgrjhqrxv vhjphqwdwlrq lv ohvv surqrxqfhg krzhyhu1 Iru wkh

vdph sdudphwhu ydoxhv/ wkh Iruhljq �up kdv d 85 shufhqw pdunhw vkduh rq lwv grphvwlf pdunhw zkhq

pdunhwv duh vhjphqwhg1 Wkh uhdvrq iru wkh uhodwlyho| vpdoo h�hfw lv wkdw wudqvsruw frvwv lq wklv fdvh duh

vr orz wkdw wkh| jlyh wkh Krph �up rqo| d vpdoo frvw glvdgydqwdjh1

Wkh prvw vwulnlqj ihdwxuh ri wkh dqdo|vlv ri txdqwlwlhv krzhyhu lv wkdw zkhq erwk �upv lqwhjudwh

\ @ [ @ n4

| @ { @ n5

zkhuh n4 dqg n5 duh frqvwdqwv148

Uhpdun 6 Zkhq pdunhwv duh lqwhjudwhg +Q>Q, wkh Iruhljq �up dqg wkh Krph �up vsolw erwk pdunhwv

htxdoo| +[ @ \ dqg { @ |,1

Vr/ zkhq pdunhwv duh lqwhjudwhg/ wkh orfdwlrq ri wkh surgxfhu grhv qrw pdwwhu iru pdunhw vkduhv1 D

wulyldo lpsolfdwlrq ri wklv lv wkdw pdunhw vkduhv duh xqd�hfwhg e| ghfuhdvhv lq wudqvsruw frvwv dv orqj dv zh

uhpdlq lq wkh +Q>Q, htxloleulxp1 Qrwdeo|/ wklv uhvxow grhv qrw ghshqg rq wkh ghjuhh ri vxevwlwxwdelolw|

+�, ru gl�huhqfhv ehwzhhq zloolqjqhvv wr sd| dfurvv pdunhwv +D� 4,1

D forvhu orrn dw wkh prqrsro| fdvh +� @ 3, khosv xv zlwk wkh lqwxlwlrq1 Li zh vxevwlwxwh wkh ORS0

frqvwudlqw lqwr wkh pd{lpl}dwlrq sureohp/ wkh orfdwlrq ri d �up lq xhqfhv wkh sureohp rqo| wkurxjk wkh

wudqvsruw frvw ri h{sruwv1 Frqvlghu d frpsdulvrq ri wkh vlwxdwlrq zkhuh wkh Krph �up orfdwhv lq Krph

zlwk rqh zkhuh lw orfdwhv lq Iruhljq1 Li lw orfdwhv lq Krph/ lwv wudqvsruw frvw lv w[ zkhuhdv li lw orfdwhv lq

Iruhljq lwv wudqvsruw frvw lv w{1 D elqglqj ORS frqvwudlqw lpsolhv wkdw wkh txdqwlw| vrog rq wkh Iruhljq

48
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pdunhw lv htxdo wr wkdw vrog rq wkh Krph pdunhw soxv d frqvwdqw/ [ @ D � 4 � w . { 1 Fohduo| wkh

pd{lpl}dwlrq ri sur�wv zlwk uhvshfw wr { xqghu wudqvsruw frvwv w{ zloo jlyh wkh vdph rswlpxp txdqwlw|

dv pd{lpl}dwlrq xqghu w+D � 4 � w, . w{1 Sur�wv zloo eh orzhu li wkh �up orfdwhv dzd| iurp wkh ulfk

pdunhw exw wkh surgxfhg txdqwlwlhv zloo qrw eh d�hfwhg xqghu wkh ORS0frqvwudlqw149

6 Glvfxvvlrq

Zh kdyh h{soruhg wkh lpsolfdwlrqv ri hqgrjhqrxv vhjphqwdwlrq lq d vlpsoh Frxuqrw iudphzrun1 Frqvlg0

hulqj wkh fdvhv lq wklv sdshu/ rqh pljkw frqfoxgh wkdw dq|wklqj fdq kdsshq wr sulfh gl�huhqwldov ehwzhhq

pdunhwv dv wudqvsruw frvwv fkdqjh1 Wkdw dq| uhvsrqvh ri hqgrjhqrxv yduldeohv wr fkdqjhv lq h{rjhqrxv

rqhv fdq eh udwlrqdol}hg/ lv w|slfdoo| qrw d kdoopdun ri jrrg wkhru|/ vlqfh rqh pljkw dvn krz wkh prgho

frxog eh whvwhg1 Rqh uhvsrqvh wr wklv lv wkdw lw hpskdvl}hv d ixqgdphqwdo srlqw ri wkh sdshu> zh vkrxog

qrw h{shfw sulfh ghyldwlrqv wr uhvsrqg wr fkdqjhv lq wudqvsruw frvwv lq pdunhwv iru gl�huhqwldwhg jrrgv

lq wkh vdph zd| dv lq frpprglw| pdunhwv1

Dqrwkhu uhvsrqvh lv wkdw wkh rxwfrph zloo sduwo| eh ghwhuplqhg lq dq lqwxlwlyh zd| e| revhuydeoh

yduldeohv= Zh duh pruh olnho| wr revhuyh hqgrjhqrxv vhjphqwdwlrq/ wkh juhdwhu wkh dv|pphwu| ri pdunhwv/

wkh orzhu wkh wudqvsruw frvwv/ dqg iru gl�huhqwldwhg jrrgv14: Ilqdoo|/ lw ghvhuyhv wr eh srlqwhg rxw wkdw

wklv ulfkqhvv ri uhvxowv frphv iurp xvlqj wkh vwdqgdug zrunkruvh prgho ri lqwhuqdwlrqdo roljrsro| zlwk d

vlpsoh dgglwlrq ri hqgrjhqrxv vhjphqwdwlrq1

Wkh vhjphqwhg pdunhwv prgho dqdo|}hg khuh zdv ruljlqdoo| dssolhg wr xqghuvwdqg krz prqrsro|

srzhu frxog eh d gulylqj irufh ri wudgh dqg zhoiduh dvshfwv ri wklv1 Lw kdv dovr ehhq ri pxfk xvh lq

vwudwhjlf wudgh srolf|> vhh Eudqghu +4<<8, iru dq ryhuylhz1 Zh khuh qrwh wkdw lw dovr r�huv d odujh

srwhqwldo iru h{dplqlqj lvvxhv ri pdunhw vhjphqwdwlrq rq wkh iruhiurqw ri wrgd|*v srolf| glvfxvvlrq1

49Zh fdq dovr vhh wklv e| h{dplqlqj wkh Odjudqjh pxolwsolhuv1 Dv vhhq iurp uhpdun 4 wkh Krph �up lv pruh frqvwudlqhg
e| wkh ORS0frqvwudlqw1 Wkh rswlpdo txdqwlwlhv rq wkh Iruhljq pdunhw xqghu +�c�, dqg � ' f duh jlyhq e| f '�
�3 |n b

M
�
*2 dqg t '

�
�n b

8
�
*2c vr wkdw li pd{lpl}dwlrq zhuh xqfrqvwudlqhg e| ORS/ Iruhljq zrxog vhw d orzhu

txdqwlw|1 Wkh idfw wkdw Krph*v frqvwudlqw elqgv wljkwhu e| dq dprxqw ri | +b8 ' b
M n | ' E� 3 � 3 |�*2, pdnhv wkh

rswlpdo txdqwlwlhv htxdo1
4:Vrphzkdw pruh zruu|lqj lv wkdw wkh rxwfrph zloo dovr ghshqg rq wkh frvwv ri vhjphqwlqj zklfk duh qrw uhdglo|

revhuydeoh1 Lq uhdolw| wkh| duh olnho| wr ghshqg rq d odujh qxpehu ri lvvxhv dqg rqh pljkw h{shfw wkh frvw ri vhjphqwlqj wr
lqfuhdvh dv wudqvsruw frvwv ghfuhdvh1 Lq whupv ri wkh suhylrxv dqdo|vlv/ wkh g0olqh zrxog eh xszdug vorslqj dqg zh zrxog
eh pruh olnho| wr revhuyh lqwhjudwhg pdunhwv zkhq wudqvsruw frvwv duh orz1
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Wkh dqdo|vlv lq wklv sdshu fdq eh vhhq dv d uhvsrqvh wr wkh fdoo e| Edogzlq dqg Yhqdeohv +4<<8/ s1

4945,= �Hxurshdq h{shulhqfh vxjjhvwv wkdw wkh uhprydo ri wdul�v lv qrw vx!flhqw wr fuhdwh d cvlqjoh

pdunhw*111phuho| frpsdulqj wkh rxwfrphv ri gl�huhqw jdphv ohdyhv wkh dqdo|vlv lqfrpsohwh/ dv lw ohdyhv

rshq wkh pruh gl!fxow txhvwlrq ri krz gl�huhqw ghjuhhv ri pdunhw vhjphqwdwlrq ru lqwhjudwlrq frxog

dulvh1 Xowlpdwho| zh zlvk wr nqrz zkdw srolf| lqvwuxphqwv pljkw eh xvhg wr fkdqjh wkh ghjuhh ri pdunhw

lqwhjudwlrq�1

Rxu prgho fdq eh xvhg wr jdlq vrph lqvljkw lqwr wkh Hxurshdq fdu pdunhwv/ iru lqvwdqfh1 Dv Jrogehuj

dqg Yhueryhq +5334, qrwh/ sulfh gl�huhqwldov rq fduv ehwzhhq Hxurshdq frxqwulhv kdyh ehhq uhpdundeo|

xqd�hfwhg e| orzhu erughu eduulhuv1 Wkh dfwxdo frvw ri wudqvsruwlqj d fdu iurp rqh Hxurshdq frxqwu| wr

dqrwkhu lv orz/ vr lq whupv ri rxu prgho/ w lv orz1 Jrogehuj dqg Yhueryhq revhuyh wkdw fdu pdqxidfwxuhuv

kdyh dfwlyho| ehhq wu|lqj wr vhjphqw pdunhwv e|/ iru lqvwdqfh/ zrunlqj wr pdlqwdlq wkh vhohfwlylw| ri wkh

glvwulexwlrq v|vwhp14; Iru d srolf| pdnhu wkdw zlvkhv wr orzhu sulfh gl�huhqwldov ehwzhhq pdunhwv wkh

suhvhqw sdshu surylghv d udwlrqdoh iru irfxvlqj rq h{foxvlyh whuulwrulhv/ sxuvxlqj fdvhv ri sulfh glvfulpl0

qdwlrq wr frxuw/ kduprql}lqj wd{hv dqg rwkhu phfkdqlvpv wkdw fdq eh frqvlghuhg dv udlvlqj wkh frvw ri

vhjphqwdwlrq ru orzhulqj wkh lqfhqwlyhv iru vhjphqwdwlrq/ udwkhu wkdq d qduurz irfxv rq wudqvsruw frvwv

dqg wudgh eduulhuv1 Lq wkh suhvhqw vhwxs wkdw jrdo fdq eh prwlydwhg rq zhoiduh jurxqgv1 Dv vkrzq e|

Yduldq +4<;8,/ d qhfhvvdu| frqglwlrq iru sulfh glvfulplqdwlrq wr udlvh zhoiduh +wkh vxp ri surgxfhu dqg

frqvxphu vxusoxv lq erwk frxqwulhv, lv wkdw wrwdo rxwsxw lqfuhdvhv1 Zlwk olqhdu ghpdqg/ wrwdo rxwsxw lv

wkh vdph xqghu sulfh glvfulplqdwlrq dv xqghu lqwhjudwhg pdunhwv1 Pdunhw vhjphqwdwlrq grhv wkhuhiruh

qrw hqkdqfh joredo zhoiduh xqghu wkh suhvhqw vhwxs/ dv orqj dv erwk pdunhwv duh vhuyhg1 Zruwk qrwlqj

krzhyhu/ lv wkdw hqgrjhqrxv vhjphqwdwlrq r�huv dq dowhuqdwlyh wr pdunhw vkxwgrzq/ zklfk lq vrph fdvhv

zloo eh wkh uhvsrqvh wr wkh wljkw duelwudjh frqvwudlqwv lpsolhg e| orz wudqvsruw frvwv1

Zkloh vrph ri rxu prvw vwulnlqj uhvxowv gr ghshqg rq wkh ixqfwlrqdo irupv fkrvhq/ wkh lqwxlwlrq iru

uhvxowv h{whqg eh|rqg wklv vshfldo fdvh1 Iru lqvwdqfh/ wkdw wkh ydoxh ri vhjphqwlqj pdunhwv lqfuhdvhv

dv wudqvsruw frvwv idoo/ fdq eh vkrzq wr krog jhqhudoo| iru wkh prqrsro| fdvh +li wkh lqyhuvh ghpdqg

4;Dqg lq vrph fdvhv uhixvlqj wr vhoo wr iruhljq fxvwrphuv dqg sxuvxlqj uhwdlohuv wkdw gr1 Vhh/ iru lqvwdqfh/ wkh 4<<; frxuw

fdvh djdlqvw Yronvzdjhq iru sxqlvklqj Lwdoldq ghdohuv vhoolqj wr Jhupdq dqg Dxvwuldq fxvwrphuv1
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ixqfwlrq rq wkh Iruhljq pdunhw lv qrw wrr frqyh{,1 H{dplqlqj krz uhvxowv jhqhudol}h lv d zruwkzkloh

wdvn iru ixwxuh uhvhdufk1 Rxu dlp lq wkh suhvhqw sdshu kdv ehhq pruh kxpeoh> wr xqghuvwdqg zk| zh

vkrxogq*w eh vxusulvhg e| d idloxuh ri orzhu wudqvsruw frvwv wr jhqhudwh pdunhw lqwhjudwlrq1

7 Dsshqgl{ D

Lq wkh iroorzlqj vhfwlrq zh h{hpsoli| wkh fdofxodwlrq ri sur�wv/ sulfhv dqg txdqwlwlhv xqghu wkh +Q>Q,

vwudwhj| sur�oh1 Iru wkh rwkhu vwudwhj| sur�ohv rqo| wkh pd{lpl}dwlrq sureohpv dqg uhvxowlqj sur�wv duh

jlyhq1 Wkh ghulydwlrqv iru wkhvh vwudwhj| sur�ohv lqyroyh wkh vdph/ whglrxv exw vwudljkwiruzdug vwhsv dv

lq wkh +Q>Q, fdvh dqg duh qrw lqfoxghg lq wkh sdshu1 Wkh| duh dydlodeoh lq d vhsdudwh dsshqgl{ dydlodeoh

xsrq uhtxhvw iurp wkh dxwkruv +grzqordgdeoh dw kwws=22zzz1kkv1vh2shuvrqdo2iulehuj,1

714 Qr Vhjphqwdwlrq

H{dplqh wkh fdvh zkhuh qr �up vhjphqwv1 Wkh Krph �up*v sureohp lv

�KQ>Q @ pd{
{>[

{s +{, .[S +[,� w[>

v1w1 m s +{,� S +[, m � w=

dqg wkh Iruhljq �up*v sureohp lv

�IQ>Q @ pd{
|>\

|s +|, . \ S +\ ,� w|>

v1w1 m s +|,� S +\ , m � w=

4;



71414 IRFv

Jlyhq wkdw wkh Krph �up pxvw ixo�oo wkh ORS frqvwudlqw rq lwv pdunhw/ wkh �up fdq rqo| fkrrvh rqh ri

lwv txdqwlwlhv iuhho|1 Wkh ORS frqvwudlqw

w @ S +[,� s +{, @ D�[ � �\ � 4 . {. �|>

jlyhv { dv d ixqfwlrq ri [= Iru Krph wkh ORS0frqvwudlqw ehfrphv

{ @ �D.[ . �\ . 4� �| . w>

dqg wkh IRF lv wkhq +jlyhq uhvwulfwlrq rq {,

C

C[
+{ +4� {� �|, .[ +D�[ � �\ ,� w[, @ 6D� 7[ � 6�\ � 6w� 4 . �| @ 3=

Iru Iruhljq wkh ORS0frqvwudlqw ehfrphv

| @ �D. \ . �[ . 4� �{. w>

dqg lwv �uvw rughu frqglwlrq lv wkhq +jlyhq uhvwulfwlrq rq |,

C

C\
+| +4� | � �{, . \ +D� \ � �[,� w|, @ 6D� 7\ � 6�[ � 6w� 4 . �{ @ 3=

4<



71415 Htxloleulxp

Wkhuh duh irxu htxdwlrqv wkdw kdyh wr eh ixo�oohg/

3 @ ��{. �[ � | . \ �D. 4 . w = | � frqvwudlqw

3 @ �{� 6�[ . 3 � | � 7\ . 6D� 6w� 4 = \ � IRF

3 @ �{.[ � �| . �\ �D. 4 . w = {� frqvwudlqw

3 @ 3 � {� 7[ . �| � 6�\ . 6D� 6w� 4 = [ � IRF

Dv d olqhdu v|vwhp

3
EEEEEEEEEEC

�� � �4 4

� �6� 3 �7

�4 4 �� �

3 �7 � �6�

4
FFFFFFFFFFD

3
EEEEEEEEEEC

{

[

|

\

4
FFFFFFFFFFD

@

3
EEEEEEEEEEC

D� 4� w

�6D. 6w. 4

D� 4� w

�6D. 6w. 4

4
FFFFFFFFFFD

=

Wkh ghwhuplqdqw ri wkh pdwul{ lv G @ 7 +� � 4, +� � 5, +� . 5, +� . 4, > zklfk lv qrq0}hur iru � 5 ^3> 4,1

Iru � @ 4> wkhuh lv d sureohp/ vlqfh wkhuh lv rqo| rqh vlqjoh ORS frqvwudlqw dqg wkh �upv wkhq erwk

rswlpl}h xqghu wkh vdph frqvwudlqw1

Wkh vroxwlrq wr wklv olqhdu htxdwlrq v|vwhp iru � 9@ 4 lv

\ @
4

5

5�D� 5�w� 6w� 4 . 6D

+� . 5, +� . 4,
>

{ @
4

5

5� . 6�D. w

+� . 5, +� . 4,
>

| @
4

5

5� . 6�D. w

+� . 5, +� . 4,
>

[ @
4

5

5�D� 5�w� 6w� 4 . 6D

+� . 5, +� . 4,
=
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71416 Wkh sur�wv

Wkh Krph �up*v sur�w lv

�KQ>Q @ { +4� {� �|, .[ +D�[ � �\ ,� w[

@
4

5

+D� w. 4,5

+� . 5,5
>

dqg wkh Iruhljq �up*v sur�w lv

�IQ>Q @ | +4� | � �{, . \ +D� \ � �[,� w|

@
4

5

+D� w. 4,5

+� . 5,5
. w

D� 4� w

� . 4
=

715 Erwk vhjphqw

Dvvxph wkdw erwk �upv vhjphqw/ wkhq wkh Krph �up*v sureohp lv

�KV>V �N @ pd{
{>[

{s +{, .[S +[,� w[ �N>

dqg wkh Iruhljq �up*v sureohp lv

�IV>V �N @ pd{
|>\

| s +|, . \ S +\ ,� w| �N=

Pd{lpl}lqj wkhvh sur�w ixqfwlrqv/ vroylqj iru rswlpdo txdqwlwlhv dqg soxjjlqj wkhq lqwr wkh sur�w ixqfwlrq

|lhogv

54



�KV>V �N @
4

5
w
�5 +D� 4,� �w� 5w

+� . 5, +5� �,
.

.

#
4

7

+5D� w,5

+� . 5,5
.

4

5

w5

+� � 5,5
.

4

7

+w� 5,5

+� . 5,5
.

4

5

w5

5� �
�N

$
>

dqg

�IV>V �N @
4

5
w
5 +D� 4,� �w� 5w

+� . 5, +5� �,
.

.

#
4

7

+5D� w,5

+� . 5,5
.

4

5

w5

+� � 5,5
.

4

7

+w� 5,5

+� . 5,5
.

4

5

w5

5� �
�N

$
=

716 Krph vhjphqwv 2 Iruhljq grhvq*w

Wkh Krph �up*v sureohp lv

�KV>Q �N @ pd{
{>[

{s +{, .[S +[,� w[ �N>

dqg wkh Iruhljq �up*v sureohp lv

�IV>Q @ pd{
|>\

| s +|, . \ S +\ ,� w|>

v1w1 m s +|,� S +\ , m � w=

Pd{lpl}lqj wkhvh sur�w ixqfwlrqv/ vroylqj iru rswlpdo txdqwlwlhv dqg soxjjlqj wkhq lqwr wkh sur�w ixqfwlrq

|lhogv

�KV>Q �N @
4

5

+D� w. 4,5

+� . 5,5
.

4

5
+D� 4� w,5

+� � 4,5

+5� �5,5
�N>

dqg

�IV>Q @
4

5

+D� w. 4,5

+� . 5,5
. w +D� 4� w,

5� �

5� �5
=
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717 Iruhljq vhjphqwv 2 Krph grhvq*w

Wkh Krph �up*v sureohp lv

�KQ>V @ pd{
{>[

{s +{, .[S +[,� w[>

v1w1 m s +{,� S +[, m � w>

dqg wkh Iruhljq �up*v sureohp lv

�IQ>V �N @ pd{
|>\

| s +|, . \ S +\ ,� f +| . \ ,� w| �N=

Pd{lpl}lqj wkhvh sur�w ixqfwlrqv/ vroylqj iru rswlpdo txdqwlwlhv dqg soxjjlqj wkhq lqwr wkh sur�w ixqfwlrq

|lhogv

�KQ>V @
4

5

+w�D� 4,5

+� . 5,5
>

dqg

�IQ>V �N @
4

5

+w�D� 4,5

+� . 5,5
.

4

5

++D� 4, +4� �, . �w. w,5

+5� �5,5
�N=

718 Wkh uhjlrq ri lqwhuhvw

Lq Ht1 5/ zh vwdwh wkdw/ lq whupv ri rxu prgho/ qrqh ri wkh frqglwlrqv S +\ ,�s +|, ? w dqg S +[,�s +{, ?

w> krog li

w ? +D� 4,
5� �

+� . 5, +6� 5�,
� D� 4

6
=
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Wklv frqvwudlqw lv ghulyhg e| orrnlqj dw wkh htxloleulxp sulfhv xqghu wkh +V> V, vwudwhj|=

S +[, @
5D� �D� �5w. 5w

+5� �, +� . 5,
>

s +{, @
5� � . �w

+5� �, +� . 5,
>

S +\ , @
5D� �D. �w

+5� �, +� . 5,
>

s +|, @
5� � . 5w� �5w

+5� �, +� . 5,
>

Qrz/

S +[,� s +{, @
4� �

5� �
w.

D� 4

� . 5
>

dqg

S +\ ,� s +|, @ �4� �

5� �
w.

D� 4

� . 5
=

Wkhq/ S +[,� s +{, A w> li

w ? +D� 4,
5� �

� . 5
>

dqg S +\ ,� s +|, A w> li

w ? +D� 4,
5� �

+� . 5, +6� 5�,
>

zklfk lv wkh wljkwhvw frqglwlrq/ vlqfh

+D� 4,
5� �

+� . 5, +6� 5�,
? +D� 4,

5� �

� . 5
=

Wkxv/ li

w ? +D� 4,
5� �

+� . 5, +6� 5�,
>

wkhq S +\ ,� s +|, A w> dqg S +[,� s +{, A w=

57



8 Dsshqgl{ E

Dv glvfxvvhg/ zh qhhg wr fkhfn zkhwkhu �upv zrxog udwkhu nhhs erwk pdunhwv rshq/ ru forvh wkh Krph

pdunhw1 Zh prgho wklv dv d wzr vwdjh jdph/ zkhuh wkh vhfrqg vwdjh lv wkh vhjphqwdwlrq0txdqwlw| jdph

wuhdwhg lq wkh sdshu1 Lq wkh �uvw vwdjh/ d �up fdq fkrrvh zkhwkhu wr forvh wkh Krph pdunhw1 Iru

vlpsolflw|/ zh dvvxph wkdw d forvhg pdunhw lv dovr vhjphqwhg +dw }hur frvw,1 Lq wklv h{whqghg +d �uvw dqg

d vhfrqg shulrg, jdph/ zh fdoo d vwudwhj| sur�oh dq htxloleulxp li lw lv vxejdph shuihfw1 Khqfh/ zh xvh

edfnzdugv lqgxfwlrq wr �qg wkh htxloleuld ri wkh h{whqghg jdph1 Jlyhq wkh sur�wv lq wkh vhfrqg vwdjh/

zh dqdo|}h d vwdjh rqh jdph ri wkh iroorzlqj irup=

Iruhljq

Krph

Vhoo rq erwk pdunhwv Forvh Krph pdunhw

Vhoo rq erwk pdunhwv 4 5

Forvh Krph pdunhw 6 7

Hdfk qxpehuhg vtxduh uhsuhvhqwv wkh htxloleulxp sur�wv lq wkh vwdjh wzr jdph/ jlyhq wkh vwudwhjlhv lq

wkh �uvw vwdjh1 Wkhvh ydulrxv sur�wv duh fdofxodwhg/ dqg frpsduhg/ lq wkh vdph grfxphqw dv uhihuuhg wr

lq Dsshqgl{ D1

9 Uhihuhqfhv

Dqghuvrq V1S1/ Vfkplww Q1 dqg Wklvvh M0I1 +4<<8,= �Zkr Ehqh�wv iurp Dqwlgxpslqj OhjlvodwlrqB�/

Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv 6;/ 654066:1

Dqghuvrq V1S1 dqg Vfkplww Q1 +5333,= �Qrq0Wdul� Eduulhuv dqg Wudgh Olehudol}dwlrq�/ pdqxvfulsw/

Xqlyhuvlw| ri Ylujlqld1

Edogzlq U1H1 dqg Yhqdeohv D1M1 +4<<8,= �Uhjlrqdo Hfrqrplf Lqwhjudwlrq�/ lq Jurvvpdq J1P1 dqg Urjr�

N1 +hgv1,/ Kdqgerrn ri Lqwhuqdwlrqdo Hfrqrplfv Yro1 LLL/ Hovhylhu/ Dpvwhugdp1

Ehq0]yl1 V1 dqg Khospdq H1 +4<<5,= �Roljrsro| lq Vhjphqwhg Pdunhwv�/ lq Jurvvpdq J1P1 +hg1,/

58



Lpshuihfw Frpshwlwlrq dqg Lqwhuqdwlrqdo Wudgh/ PLW Suhvv/ Fdpeulgjh PD1

Eudqghu M1 +4<;4,= �Lqwud0Lqgxvwu| Wudgh lq Lghqwlfdo Frpprglwlhv�/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv

44/ 40471

Eudqghu M1 dqg Nuxjpdq S1 +4<;6,= �D *Uhflsurfdo Gxpslqj* Prgho ri Lqwhuqdwlrqdo Wudgh�/ Mrxuqdo

ri Lqwhuqdwlrqdo Hfrqrplfv 48/ 64606541

Eudqghu M1 +4<<8,= �Vwudwhjlf Wudgh Srolf|�/ lq Jurvvpdq J1P1 dqg Urjr� N1 +hgv1,/ Kdqgerrn ri

Lqwhuqdwlrqdo Hfrqrplfv Yro1 LLL/ Hovhylhu/ Dpvwhugdp1

Fkhq \1 dqg Pdvnxv N1 +5333,= �Yhuwlfdo sulflqj dqg sdudooho lpsruwv�/ pdqxvfulsw/ Xqlyhuvlw| ri

Frorudgr/ Erxoghu1

Fruwv N1V1 +4<<;,= �Wklug0Ghjuhh Sulfh Glvfulplqdwlrq lq Roljrsro|= Doo0Rxw Frpshwlwlrq dqg Vwudwhjlf

Frpplwphqw�/ UDQG Mrxuqdo ri Hfrqrplfv 5</ 63906561

Hqjho F1 dqg Urjhuv M1 +4<<9,= �Krz Zlgh lv wkh ErughuB�/ Dphulfdq Hfrqrplf Uhylhz ;9/ 4445044591

Ihhqvwud U1F1 +4<;<,= �V|pphwulf Sdvv0Wkurxjk ri Wdul�v dqg H{fkdqjh Udwhv xqghu Lpshuihfw Frp0

shwlwlrq�/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv 5:/ 580781

Ihhqvwud U1F1/ Pdunxvhq M1D1/ dqg Urvh D1N +5334,= �Xvlqj wkh Judylw| Htxdwlrq wr Gl�huhqwldwh

dprqj Dowhuqdwlyh Wkhrulhv ri Wudgh�/ Fdqdgldq Mrxuqdo ri Hfrqrplfv 67/ 763077:1

Iulehuj U1 +5334,= �Wzr Prqlhv/ Wzr PdunhwvB Yduldelolw| dqg wkh Rswlrq wr Vhjphqw�/ Mrxuqdo ri

Lqwhuqdwlrqdo Hfrqrplfv 88/ 64:065:1

Ixmlwd P1/ Nuxjpdq S1 dqg Yhqdeohv D1/ +4<<<,= �Wkh Vsdwldo Hfrqrp|�/ PLW Suhvv/ Fdpeulgjh PD1

Jrogehuj S1N1 dqg Nqhwwhu P1P1 +4<<:,= �Jrrgv Sulfhv dqg H{fkdqjh Udwhv= Zkdw kdyh Zh OhduqhgB�/

Mrxuqdo ri Hfrqrplf Olwhudwxuh [[[Y/ 4576045:51

Jrogehuj S1N1 dqg Yhueryhq I1 +5334,= �Wkh hyroxwlrq ri Sulfh Glvshuvlrq lq wkh Hxurshdq Fdu Pdunhw�/

Uhylhz ri Hfrqrplf Vwxglhv/ iruwkfrplqj1

Jrrgzlq E1N1 +4<<5,= �Pxowlyduldwh Frlqwhjudwlrq Whvwv dqg wkh Odz ri Rqh Sulfh lq Lqwhuqdwlrqdo

Zkhdw Pdunhwv�/ Uhylhz ri Djulfxowxudo Hfrqrplfv 47/ 44:04571
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Jrxog M1U1 +4<::,= �Sulfh Glvfulplqdwlrq dqg Yhuwlfdo Frqwuro= D Qrwh�/ Mrxuqdo ri Srolwlfdo Hfrqrp|

;8/ 4396043:41

Krophv W1M1 +4<;<,= �Sulfh Glvfulplqdwlrq lq Roljrsro|/ Dphulfdq Hfrqrplf Uhylhz :</ 57705831

Kruq K1 dqg Vk| R1 +4<<9,= �Exqgolqj dqg Lqwhuqdwlrqdo Pdunhw Vhjphqwdwlrq�/ Lqwhuqdwlrqdo Hfrqrplf

Uhylhz 6:/ 8409<1

Kxpphov G1 +4<<<,= �Wrzdugv d Jhrjudsk| ri Wudgh Frvwv�/ pdqxvfulsw/ Xqlyhuvlw| ri Fklfdjr1

Pduwlq V1 +5334,= �Dgydqfhg Lqgxvwuldo Hfrqrplfv�/ Eodfnzhoo Sxeolvkhuv/ Orqgrq +Vhfrqg Hglwlrq,1

Revwihog P1 dqg Urjr� N1 5333,= �Wkh Vl{ Pdmru Sx}}ohv lq Lqwhuqdwlrqdo Pdfurhfrqrplfv= Lv wkhuh d

Frpprq FdxvhB�/ lq Ehuqdqnh E1V1 dqg Urjr� N1 +hgv1,/ QEHU Pdfurhfrqrplfv pdqxdo 53331

R*Urxunh N1K1 dqgZlooldpvrq M1J1 +4<<<,= �Joredol}dwlrq dqg Klvwru|= Wkh Hyroxwlrq ri d 4<wk Fhqwxu|

Dwodqwlf Hfrqrp|�/ PLW Suhvv/ Fdpeulgjh PD1

Vkdslur F1 dqg Yduldq K1U1 +4<<<,= �Lqirupdwlrq Uxohv/ D Vwudwhjlf Jxlgh wr wkh Qhwzrun Hfrqrp|�/

PLW Suhvv/ Fdpeulgjh PD1

Wklvvh/ M10I1 dqg Ylyhv/ [1/ +4<;;,= �Rq wkh Vwudwhjlf Fkrlfh ri Vsdwldo Sulfh Srolf|�/ Dphulfdq Hfr0

qrplf Uhylhz :;/ 455046:1

Wklvvh/ M10I1 dqg Ylyhv/ [1/ +4<;;,= �Rq wkh Vwudwhjlf Fkrlfh ri Vsdwldo Sulfh Srolf|�/ Dphulfdq Hfr0

qrplf Uhylhz :;/ 455046:1

Yduldq/ K1/ +4<;8,= �Sulfh Glvfulplqdwlrq dqg Vrfldo Zhoiduh�/ Dphulfdq Hfrqrplf Uhylhz :8/ ;:30;:81

Yhqdeohv D1M1 +4<<3,= �Lqwhuqdwlrqdo Fdsdflw| Fkrlfh dqg Qdwlrqdo Pdunhw Jdphv�/ Mrxuqdo ri Lqwhu0

qdwlrqdo Hfrqrplfv 5</ 560751

5:



Iljxuh 4d1 Lqwhjudwlrq yv1 Vhjphqwdwlrq zlwk shuihfwo| gl�huhqwldwhg jrrgv +� @ 3,1

5;



Iljxuh 4e1 Sulfh gl�huhqwldov zkhq jrrgv duh shuihfwo| gl�huhqwldwhg +� @ 3, dqg N @ 3=4=

5<



Iljxuh 51 Sulfh gl�huhqfhv iru shuihfwo| gl�huhqwldwhg jrrgv +� @ 3,1

63



Iljxuh 6d1 Lqwhjudwlrq yv1 Vhjphqwdwlrq zlwk krprjhqrxv jrrgv+� $ 4,=

64



Iljxuh 6e1 Sulfh gl�huhqwldov zkhq jrrgv duh krprjhqrxv +� $ 4, dqg N @ 3=358=

65



Iljxuh 71 Uhdfwlrq ixqfwlrqv jlyhq wkdw erwk �upv vhjphqw pdunhwv dqg � @ 4=

66



Iljxuh 8d1 Lqwhjudwlrq yv1 Vhjphqwdwlrq zlwk gl�huhqwldwhg jrrgv +� @ 4@5,1

67



Iljxuh8e1 Sulfh gl�huhqwldov zkhq jrrgv duh gl�huhqwldwhg +� @ 4@5,1

68


